
n = 9;

Γsol =

ãc@1D II-1 + ãc@2DM c@1D - c@2DM + c@2D

I-1 + ãc@1DM c@2D Hc@1D + c@2DL
;

Series@Γsol �. c@i_D ¦ c@iD h, 8h, 0, n<D

1

2
+

1

12
Hc@1D + 2 c@2DL h +

1

24
c@2D Hc@1D + c@2DL h2

+

1

720
I-c@1D3

+ c@1D2 c@2D + 9 c@1D c@2D2
+ 6 c@2D3M h3

+

c@2D I-c@1D3
+ c@1D2 c@2D + 4 c@1D c@2D2

+ 2 c@2D3M h4

1440
+

Ic@1D5
- c@1D4 c@2D - 6 c@1D3 c@2D2

+ 6 c@1D2 c@2D3
+ 15 c@1D c@2D4

+ 6 c@2D5M h5

30 240
+

c@2D I2 c@1D5
- 2 c@1D4 c@2D - 5 c@1D3 c@2D2

+ 5 c@1D2 c@2D3
+ 9 c@1D c@2D4

+ 3 c@2D5M h6

120 960
+

1

3 628 800
I-3 c@1D7

+ 3 c@1D6 c@2D + 17 c@1D5 c@2D2
- 17 c@1D4 c@2D3

-

25 c@1D3 c@2D4
+ 25 c@1D2 c@2D5

+ 35 c@1D c@2D6
+ 10 c@2D7M h7

+

1

7 257 600
c@2D I-3 c@1D7

+ 3 c@1D6 c@2D + 7 c@1D5 c@2D2
- 7 c@1D4 c@2D3

-

7 c@1D3 c@2D4
+ 7 c@1D2 c@2D5

+ 8 c@1D c@2D6
+ 2 c@2D7M h8

+

1

239 500 800

I5 c@1D9
- 5 c@1D8 c@2D - 28 c@1D7 c@2D2

+ 28 c@1D6 c@2D3
+ 38 c@1D5 c@2D4

-

38 c@1D4 c@2D5
- 28 c@1D3 c@2D6

+ 28 c@1D2 c@2D7
+ 27 c@1D c@2D8

+ 6 c@2D9M h9
+ O@hD10

eqns1 =

9I-ãc@1D Hc@1D + c@2DL H1 + Α c@1D + Γ c@2DL H1 + Β c@1D + ∆ c@2DL + c@2D I1 + ∆ c@2D + Α c@1D
H1 + ∆ c@2DL + Γ Ic@1D + Β c@1D2 + c@2D + ∆ c@1D c@2D + ∆ c@2D2MM + ãc@1D+c@2D c@1D

I1 + ∆ c@2D + Β Ic@1D + c@2D + Γ c@2D2M + Α c@1D H1 + ∆ c@2D + Β Hc@1D + c@2DLLMM �
Hc@1D Hc@1D + c@2DL H1 + Α c@1D + Γ c@2DL H1 + Β c@1D + ∆ c@2DLL � 0,

Iãc@1D Hc@1D + c@2DL H1 + Α c@1D + Γ c@2DL H1 + Β c@1D + ∆ c@2DL - c@2D I1 + ∆ c@2D +

Α c@1D H1 + ∆ c@2DL + Γ Ic@1D + Β c@1D2 + c@2D + ∆ c@1D c@2D + ∆ c@2D2MM - ãc@1D+c@2D c@1D
I1 + ∆ c@2D + Β Ic@1D + c@2D + Γ c@2D2M + Α c@1D H1 + ∆ c@2D + Β Hc@1D + c@2DLLMM �

Hc@2D Hc@1D + c@2DL H1 + Α c@1D + Γ c@2DL H1 + Β c@1D + ∆ c@2DLL � 0= �. 8Α Β ∆ ® 0<

9 ãc@1D+c@2D c@1D - ãc@1D Hc@1D + c@2DL H1 + Γ c@2DL + c@2D H1 + Γ Hc@1D + c@2DLL
c@1D Hc@1D + c@2DL H1 + Γ c@2DL � 0,

-ãc@1D+c@2D c@1D + ãc@1D Hc@1D + c@2DL H1 + Γ c@2DL - c@2D H1 + Γ Hc@1D + c@2DLL
c@2D Hc@1D + c@2DL H1 + Γ c@2DL � 0=



Reduce@eqns1, ΓD

I-1 + ã
c@1DM c@2D Hc@1D + c@2DL ¹ 0 &&

I-1 + ã
c@1D+c@2DM c@1D ¹ 0 && Γ �

-ãc@1D c@1D + ãc@1D+c@2D c@1D + c@2D - ãc@1D c@2D
I-1 + ãc@1DM c@2D Hc@1D + c@2DL ÈÈ

HHC@1D C@2DL Î Integers && c@1D c@2D Hc@1D + c@2DL H1 + Γ c@2DL ¹ 0 &&

c@1D � 2 ä Π C@2D && c@2D � -c@1D + 2 ä Π C@1DL
Γs = SumAΓ10 i+j c@1D^i c@2D^j h^Hi + jL, 8i, 0, n<, 8j, 0, n<E + O@hD^Hn + 1L

Γ0 + Hc@2D Γ1 + c@1D Γ10L h + Ic@2D2
Γ2 + c@1D c@2D Γ11 + c@1D2

Γ20M h2
+

Ic@2D3
Γ3 + c@1D c@2D2

Γ12 + c@1D2 c@2D Γ21 + c@1D3
Γ30M h3

+

Ic@2D4
Γ4 + c@1D c@2D3

Γ13 + c@1D2 c@2D2
Γ22 + c@1D3 c@2D Γ31 + c@1D4

Γ40M h4
+

Ic@2D5
Γ5 + c@1D c@2D4

Γ14 + c@1D2 c@2D3
Γ23 + c@1D3 c@2D2

Γ32 + c@1D4 c@2D Γ41 + c@1D5
Γ50M h5

+

Ic@2D6
Γ6 + c@1D c@2D5

Γ15 + c@1D2 c@2D4
Γ24 + c@1D3 c@2D3

Γ33 + c@1D4 c@2D2
Γ42 +

c@1D5 c@2D Γ51 + c@1D6
Γ60M h6

+ Ic@2D7
Γ7 + c@1D c@2D6

Γ16 + c@1D2 c@2D5
Γ25 +

c@1D3 c@2D4
Γ34 + c@1D4 c@2D3

Γ43 + c@1D5 c@2D2
Γ52 + c@1D6 c@2D Γ61 + c@1D7

Γ70M h7
+

Ic@2D8
Γ8 + c@1D c@2D7

Γ17 + c@1D2 c@2D6
Γ26 + c@1D3 c@2D5

Γ35 + c@1D4 c@2D4
Γ44 +

c@1D5 c@2D3
Γ53 + c@1D6 c@2D2

Γ62 + c@1D7 c@2D Γ71 + c@1D8
Γ80M h8

+

Ic@2D9
Γ9 + c@1D c@2D8

Γ18 + c@1D2 c@2D7
Γ27 + c@1D3 c@2D6

Γ36 + c@1D4 c@2D5
Γ45 +

c@1D5 c@2D4
Γ54 + c@1D6 c@2D3

Γ63 + c@1D7 c@2D2
Γ72 + c@1D8 c@2D Γ81 + c@1D9

Γ90M h9
+ O@hD10

eqns2 = Heqns1 �. 8Γ ® Γs, c@i_D ¦ h c@iD< �� Simplify �� Normal �� Collect@ð, hD &L;

vars = UnionACasesAeqns2, Γ_, InfinityEE;

psol = SolveAlways@eqns2, 8c@1D, c@2D, h<D

99Γ26 ®

1

1 036 800
, Γ35 ® -

1

1 036 800
, Γ44 ® -

1

1 036 800
, Γ53 ®

1

1 036 800
, Γ62 ®

1

2 419 200
,

Γ71 ® -

1

2 419 200
, Γ8 ®

1

3 628 800
, Γ17 ®

1

907 200
, Γ80 ® 0, Γ25 ®

1

145 152
, Γ34 ® -

1

145 152
,

Γ43 ® -

17

3 628 800
, Γ52 ®

17

3 628 800
, Γ61 ®

1

1 209 600
, Γ70 ® -

1

1 209 600
, Γ16 ®

1

103 680
,

Γ7 ®

1

362 880
, Γ24 ®

1

24 192
, Γ33 ® -

1

24 192
, Γ42 ® -

1

60 480
, Γ51 ®

1

60 480
, Γ60 ® 0,

Γ15 ®

1

13 440
, Γ6 ®

1

40 320
, Γ23 ®

1

5040
, Γ32 ® -

1

5040
, Γ41 ® -

1

30 240
, Γ50 ®

1

30 240
,

Γ14 ®

1

2016
, Γ5 ®

1

5040
, Γ22 ®

1

1440
, Γ31 ® -

1

1440
, Γ40 ® 0, Γ13 ®

1

360
, Γ4 ®

1

720
, Γ21 ®

1

720
,

Γ30 ® -

1

720
, Γ12 ®

1

80
, Γ3 ®

1

120
, Γ20 ® 0, Γ11 ®

1

24
, Γ2 ®

1

24
, Γ10 ®

1

12
, Γ1 ®

1

6
, Γ0 ®

1

2
==
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Γs �. psol �� Simplify

9 1

2
+

1

12
Hc@1D + 2 c@2DL h +

1

24
c@2D Hc@1D + c@2DL h2

+

1

720
I-c@1D3

+ c@1D2 c@2D + 9 c@1D c@2D2
+ 6 c@2D3M h3

+

c@2D I-c@1D3
+ c@1D2 c@2D + 4 c@1D c@2D2

+ 2 c@2D3M h4

1440
+

1

30 240

Ic@1D5
- c@1D4 c@2D - 6 c@1D3 c@2D2

+ 6 c@1D2 c@2D3
+ 15 c@1D c@2D4

+ 6 c@2D5M h5
+

1

120 960

c@2D I2 c@1D5
- 2 c@1D4 c@2D - 5 c@1D3 c@2D2

+ 5 c@1D2 c@2D3
+ 9 c@1D c@2D4

+ 3 c@2D5M h6
+

1

3 628 800
I-3 c@1D7

+ 3 c@1D6 c@2D + 17 c@1D5 c@2D2
- 17 c@1D4 c@2D3

-

25 c@1D3 c@2D4
+ 25 c@1D2 c@2D5

+ 35 c@1D c@2D6
+ 10 c@2D7M h7

+

1

7 257 600
c@2D I-3 c@1D7

+ 3 c@1D6 c@2D + 7 c@1D5 c@2D2
- 7 c@1D4 c@2D3

-

7 c@1D3 c@2D4
+ 7 c@1D2 c@2D5

+ 8 c@1D c@2D6
+ 2 c@2D7M h8

+

Ic@2D9
Γ9 + c@1D Ic@2D8

Γ18 + c@1D Ic@2D7
Γ27 + c@1D c@2D6

Γ36 + c@1D2 c@2D5
Γ45 + c@1D3 c@2D4

Γ54 +

c@1D4 c@2D3
Γ63 + c@1D5 c@2D2

Γ72 + c@1D6 c@2D Γ81 + c@1D7
Γ90MMM h9

+ O@hD10=
Series@Γsol �. c@i_D ¦ h c@iD, 8h, 0, 6<D

1

2
+

1

12
Hc@1D + 2 c@2DL h +

1

24
c@2D Hc@1D + c@2DL h2

+

1

720
I-c@1D3

+ c@1D2 c@2D + 9 c@1D c@2D2
+ 6 c@2D3M h3

+

c@2D I-c@1D3
+ c@1D2 c@2D + 4 c@1D c@2D2

+ 2 c@2D3M h4

1440
+

1

30 240

Ic@1D5
- c@1D4 c@2D - 6 c@1D3 c@2D2

+ 6 c@1D2 c@2D3
+ 15 c@1D c@2D4

+ 6 c@2D5M h5
+

1

120 960

c@2D I2 c@1D5
- 2 c@1D4 c@2D - 5 c@1D3 c@2D2

+ 5 c@1D2 c@2D3
+ 9 c@1D c@2D4

+ 3 c@2D5M h6
+ O@hD7

vars

8Γ0, Γ1, Γ2, Γ3, Γ4, Γ5, Γ6, Γ7, Γ8, Γ9, Γ10, Γ11, Γ12, Γ13, Γ14, Γ15, Γ16, Γ17, Γ18,

Γ20, Γ21, Γ22, Γ23, Γ24, Γ25, Γ26, Γ27, Γ30, Γ31, Γ32, Γ33, Γ34, Γ35, Γ36, Γ40, Γ41, Γ42,

Γ43, Γ44, Γ45, Γ50, Γ51, Γ52, Γ53, Γ54, Γ60, Γ61, Γ62, Γ63, Γ70, Γ71, Γ72, Γ80, Γ81, Γ90<
1

6
c@2D I2 c@1D + c@2D - 3 Hc@1D + c@2DL Γ0 + 6 c@2D Γ0

2 - 6 c@2D Γ1 - 6 c@1D Γ10M �.

9Γ0 ®
1

2
, Γ10 ®

c@1D + 2 c@2D - 12 c@2D Γ1

12 c@1D
= �� Simplify

0

Simplify@eqns2 �. psolD

88True, True<<
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