n=29;

el ((-1+e°?1) c[1] -c[2]) +c[2]
ysol = ;

(-1+e°t1) c[2] (c[1] +c[2])
Series[ysol /. c[i_] = c[ilh, ¢h, 0, n}]

1 1 1
—+— (c[1]+2c[2]) h+ —c[2] (c[1] +c[2]) h?+
2 12 24

1

— (-c[11®+c[1]%¢c[2] +9¢c[1] c[2]>+6¢C[2]3) h3+
720

c[2] (-c[1]®+c[1]%c[2] +4c[1]c[2]?+2c[2]%) h*

+

1440
(c[11®°-c[1]%c[2] -6¢c[1]3c[2]?+6¢c[1]%c[2]®+15c[1]c[2]*+6C[2]°) h®

+

30240
c[2] (2c[1]°-2c[1]%c[2] -5¢c[1]3c[2]?+5cC[1]?c[2]®+9c[1]c[2]*+3¢[2]°)h®
120960

1

3628800
25c¢(1]%c(2]*+25¢c[1]?c[2]°+35¢c[1]c[2]®+10c[2]7) h"+
1

——C
7257600

(-83c[1)7+3c[1]°¢c[2] +17c[1]°¢c[2]%-17¢c[1]%c[2])3 -

[2] (-3¢[1]7+3c[1]%c[2] +7c[1]°c[2]?-7c[1]%c[2]3-

1

239500800
(5c[11°-5c[11%c[2]-28c[1]7c[2]?+28¢c[1]°c[2]®+38¢C[1]°Cc[2])"-

38c[1]%c[2]°-28¢c[1]%c[2]°+28c[1]?c[2]"+27c[1]c[2]®+6cC[2]°) h®+O[h]"°

7c[11®c[2]*+7c[1]%c[2]°+8¢c[1]c[2]°+2c[2]7) h®+

egnsl =
{(-e*™ (c[1]1 +c[2]) (L+ac[l] +¥C[2]) (L+Bc[1] +6C[2]) +c[2] (1+6C[2] +ac[l]
(L+6c[2]) +¥ (c[1]1+Bc[l]?+c[2] +8C[1] c[2] +6C[2]7)) +eclHI*el2l c[1]
(L+6c[2] +B (c[1] +c[2] +¥C[2]%) +ac[1l] (L+6c[2] +B (c[1] +c[2]))))/
(c[1] (c[11 +c[2]) (L +ac[l] +yc[2]) (1+Bc[1l]+6C[2])) =0,
(e*™ (c[11+c[2]) (L+ac[l] +¥c[2]) (L+Bc[l]+6C[2]) -c[2] (L+&cC[2] +
ac[l] (1+6c[2]) +¥ (C[1] +Bc[1]1°+c[2] +6c[1] c[2] +6C[2]?)) - eflHI*Cl2l c1]
(L+6c[2] +B (c[1] +c[2] +¥C[2]%) +ac[1l] (1+6cC[2] +B (c[1] +c[2]1))))/
(c[2] (c[1] +c[2]) (L+ac[l] +¥C[2]) (L+BC[1] +6C[2])) =0} /. {a|B |6 —» 0}

efltlel2lc1] et (c[1] +c[2]) (L+yc[2])+c[2] (L+vy (c[1] +C[2]))

{ c[1] (c[1]+c[2]) (L+yc[2])

—etltlel2lcr1] + et (c[1] +c[2]) (1+vc[2]) -c[2] (L+vy (c[1] +c[2])) _o)
c[2] (c[1]+c[2]) (L+yc[2])

=0,
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Reduce[eqnsl, ¥]
(-1+e*™)cl2] (c[1]+c[2]) +0&&

—eCll c[1] + et cl2l c1] +c[2] -e®tl c[2]
(-1+ectrel2l) ¢ 1] # 08&y =

N
(-1+e°t) c[2] (c[1] +c[2])

((C[1] | C[2]) elntegers&&c[1l]c[2] (c[1]+c[2]) (L+yc[2]) +0&&
C[l] =2inC[2] &&C[2] == -c[1] +21mC[1l])

¥S = Sum[y1014 C[117i C[2]17] h~ (i +j), {i, 0, n}, {i, O, n}]+O[h1~ (n+1)

Yo+ (€[2] vi+C[1] yi0) h+ (c[2]%y2+C[1] c[2] y11 +C[1]? va0) h® +
(c121®3ys+c[l]c[2]®yi2+Cc[L1]%C[2] ya1 +C[1]% y30) W+
(cr2]*va+cll]c(2]®viz+c[1]2C[2]% vz +C[1]3C[2] va1 +C[1]% yao) h* +
(c121®ys+cll]c[2]%y1a+c[L1]%c[2]% vz +C[1]%C[2]% va2 +C[1]% C[2] yar +C[1]% ys0) h° +
(c121®ves+c[1]C[2]%v15+C[1]%C[2]% vas +C[1]%C[2]% yaz + C[1]% C[2] vap +

c[1]°c[2] ys1 +C[1]%y60) h®+ (c[2]" v7+C[1]C[2]%vie +C[1]2C[2]° va5 +
c(11®c[2]*yaa+c[L1]*c[2]®yaz+C[1]°C[2]% 52 +C[1]°C[2] yor +C[1]" ¥y70) h' +
(cr218vg+cllcl2] vaiz+c[1]1%c[2]%va6 +C[1]°C[2]% yas +C[1]% C[2]% vyas +

c[11°c[2]3yss+C[1]°C[2]1% ye2 +C[1]7 C[2] y71 +C[1]8 ygo) h® +
(c121%yo+c[1]c[2]8y1g+C[1]%C[2]7 var +C[1]%C[2]% vas + C[1]% C[2]° vas +
c[11°c[2]* ysa+C[11%C[2]3 ve3 +C[1]7 C[2]? y72 +C[1]8C[2] ye1 +C[1]° voo) h® + O[]0
eqns2 = (eqnsl /. {y -» ¥S, C[i_] =» hc[il} // Sinmplify // Normal // Collect[#, h] &);
vars = Uni on[Cases [eqns2, y_, Infinity]];
psol = Sol veAl ways[eqns2, {c[1l], c[2], h}]

1 1 1 1 1
{yze» ——— yas > - ——— vas > - —————, ¥vs3> ————, Ye2 o> —————,
1036800 1036800 1036800 1036800 2419200
1 1 1 1 1
Y71 > -y ¥8 2 Ty Y17 7 T ___» ¥80 0: Y25 2 T, Y34 2 -
2419200 3628800 907 200 145152 145152
17 17 1 1 1
Y43 > - —————, Y52 > —————— Y61 > ——————, Y70 > - ————— Y16 > —————,
3628800 3628800 1209600 1209600 103680
1 1 1 1 1
> T 1 ¥24 > — s ¥33 > — y Y42 2 - ——, ¥51 7 y Y60 — O|
362880 24192 24192 60480 60480
1 1 1 1 1 1
g y V6 — y Y23 & y ¥32 2 - ————, Y41 2 - ———_» ¥50 & 1
13440 40320 5040 5040 30240 30240
1 1 1 1 1 1 1
Y14 2 ——» ¥5 > T ¥22 2 Ty ¥31 >~ _, Y40 01 Y13 2 Ty Y4 D Ty Y21 > T
2016 5040 1440 1440 360 720 720
1 1 1 1 1 1 1 1
Y30 > - ——, Y12 —» ¥3> —— ¥20->0, Y115 —, Y2> —, Y10 —, Y1 > — Y0 —}}
72 80 120 24 24 12 6 2
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¥s /. psol // Sinplify

1 1 1
{=+—(c[1]+2c[2]) h+ —c[2] (c[1] +c[2]) h?+
2 12 24
1
— (-c[1)®+c[1]?c[2] +9¢c[1]c[2]?+6¢C[2]°) h+
720
c[2] (-c[1]®+c[1]%c[2] +4c[1]c[2]?+2c[2]%) h* 1
1440 +30240
1
(cr11°-c[11*c(2]-6¢c[11%c[2]®+6c[1]°c[2]®+15c[1]c[2]*+6C[2]%) h®+
120960
c[2] (2c[1]°-2c[1]*c[2] -5¢c[1]%c[2]?+5¢c[1]?c[2]®+9c[1]c[2]*+3c[2]°) h®+
1
———(-3¢[1]7+3¢[1]%c[2] +17c[1]°c[2]?-17c[1]%c[2]®-
3628800
25¢[11%c[2]*+25¢c[1]%c[2]°+35¢c[1]c[2]°+10c[2]7) h"+
1
——c[2] (-3c¢[1]7+3c[1]%c[2] +7c[1]°¢c[2]®°-7c[1]%c[2]-
7257600

7c[113c[2)+7c[1]%c[2]°+8c[1]c[2]°+2c[2]7) h®+
(c121%y9+c[1] (c[21%vag+C[1] (C[2] var +C[1] €[2]%y36 + C[1]%C[2]° vas + C[1]° C[2]" vsa +
cl1]%c(2)®ye3+c[1]°C[2]%y72+C[1]%C[2] yar +C[1]" veo))) h®+ O[h]1%}
Series[ysol /. c[i_] =» hc[i], {h, O, 6}]

1 1 1
—+—(c[1]+2c[2])h+ —c[2] (c[1] +c[2]) h?+
2 12 24

1

— (-c[11®+c[1]%c[2] +9¢c[1] c[2]?+6¢C[2]%) h3+

720

c[2] (-c[1]®+c[1]%c[2] +4c[1]c[2]?+2c[2]%) h* 1

1440 +30240
1
(cr11°-c[1)%c[2]-6¢c[1]%c[2])?+6¢c[1]?c[2]®+15c[1]c[2]*+6C[2]%) h®+
120960

c[2] (2c[1]®-2c[1]*c[2]-5¢c[1]%c[2]?+5c[1]%c[2]®+9c[1]c[2]*+3C[2]°) h®+Orh]’

vars

{Yo, ¥1, Y2, ¥3, Y4, ¥5, ¥6: Y7, ¥8 Y9, Y10, Y11, Y12, Y13, Y14, Y15, ¥16: Y17, Y18,
Y20, Y21, Y22, Y23, Y24, Y25, ¥26, Y27, ¥30,» ¥31, ¥32: ¥33, Y34, ¥35, Y36, Y40, V4l, V42,
Y43, Y44, Y45, Y50, Y51, Y52, ¥53, Y54, Y60, Y61, Y62, ¥63, Y70, Y71, ¥72, ¥80, Y81, Y90}

1
S CI21 (2011 +e[2] -3 (c[1] +C[2]) Yo +6C2] ¥ -6C[2] ¥a-6C[1] o) /.

s 1 § c[l] +2c[2] -12¢c[2] v1
- —, -
0T e 12 c[1]

} 77 Sinplify
0

Simplify[eqns2 /. psol ]
{{True, True}}



